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INTRODUCTION 
Let M be a metrizable, topological space and D the set of all topologically 
equivalent metrics on M. A mapping f : (M, d) + (M, d) is called a d- 
isometry if d(fx, fy)=d(x, y) for each x, y EM. A mapping f : M --f M is 
called a topological isometry if there exists a d ED such that f is a d- 
isometry. If f and g are two d-isometries, then the composition f o g is 
again a d-isometry, and the set of all d-isometries which are mappings 
onto forms a group Ccl under this operation. So to each metrizable space 
M a collection 
(1) {GCa:d ED} 
of d-isometry groups can be attached. 
Following some suggestions of Prof. J. de Groot, we will be investigating 
topological isometries in this note. 
1. TOPOLOGICAL CHARACTERIZATION OF ISOMETRIES 
In order to give a topological characterization of those homeomorphisms 
of a separable, locally compact, metrizable topological space onto itself 
which are topological isometries, we use the concept of an evenly eon- 
tinuous family of mappings (see [3], p. 235). Let F be a family of functions, 
each on a topological space X to a topological space Y, then the family 
B’ is evenly continuous if for each x in X, each y in Y, and each neighborhood 
U of y there is a neighborhood V of x and a neighborhood W of y such 
that for each f E .8’, f(V) C U, whenever f(x) E W. 
When M is a separable, locally compact, metrizable space, then the 
one-point compactification M” = M U {x*> of M is again a metrizable 
space, and we will consider M as being a subset of M*. 
If f is a mapping and f-1 its inverse, we set fO to be the identity and 
fi=fofi-1 for i>l, ff=f-lo ft+l for i<-1. 
Now we can prove the following 
1.1. Theorem. Let f be a homeomorphism of a separable, locally 
compact, metrizable topologiml space M onto itself. Then, f is a topological 
isometry if and only if the family 
(fZ: i EII-) 
of mappings of M into M* is evenly continuous. 
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Proof. Let us suppose that f : M --f M is a cl-isometry for some d E D. 
We will prove that 
{ji:id):M+M* 
is evenly continuous. Since the family 
(fi:i~I}:M+(J&d) 
is equicontinuous, it is also evenly continuous when considered as a 
family of mappings of M onto itself (see [3], p. 237, Th. 22). So it is 
enough to consider the pair x, X” and to check the definition of even 
continuity in this case. 
Suppose the contrary, and let U be any neighborhood of x. Then, for 
any metric do on M *, there is a sequence of balls 
VVn = {y : &0(x, y) < l/n} and W, = (y : ~o(x*, y) < l/n>, 
n=l, 2 , . . ., such that for all 01 in some infinite subset A of the natural 
numbers N, there is an J% for which 
/i=(x) E W, and f&( V,) # U. 
Let X~ E V, be such that fzG(xa) $ U. Then, xa -+ x, /G+(x) +- x” and 
fia(xn) E M*\U. Since M*\U is a compact subset of M, there is a subse- 
quence 
(fia(xp) : p E B c A} 
of j&(x,) such that 
fi,e(x,J --f x E M. 
But then, since 
W%(x), fiP(q7)) =d(x, $3) --f 0. 
and 
&5 firs(x)) <d(z, fwq3)) +Ws(q& f%(x)) -+ 0, 
it would follow that /Q(x) + z, which is a contradiction. 
Now suppose that 
{f”:i~I):3f+M* 
is evenly continuous. Choose any metric do on M*; then do is bounded. 
Set 
&x, Y) = sup @O(fW> KY) : i E 11, 
for each pair x, y in M. First, we Prove that 6 is a metric by establishing 
the triangle inequality, the other axioms being obviously satisfied. For 
all x, y, x, 
@G Y) = sup @W(x), fi(Y)) 
< sup (do(P(x), fi(4)+do(f2($ P(Y))) 
< sup {do(fi(x), tw)}+ w? {~o(fW, f”(y))} 
=6(x, 2) +B(x, y). 
13 Indagaticvnes 
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It is evident that f is a Gsometry. It remains only to prove that S ED. 
From C&(X, y) <6(x, y) it follows that x%6_ x0 implies x,s ~0. Suppose 
that the converse does not hold, and let {xlz} be a sequence such that 
do 
Xn --f X0, but xn&xo. Then there is a subsequence (x, : 01 E A C N) for 
which 
&G% x0) > 8 > 0, a GA; 
that is, 
sup &(f”(xa), f2(xo)) : i E I)>&. 
Now for each 01 E A, there is an i, E I such that 
(2) . . . ao(fqx& fqxo)) > E. 
Since M* is compact, we can pick a subsequence 
{f%(xo) : ,5’ E B CA] 
of {fia(xo)} converging to some point yo. Take 
T-J= {x : x E M” and ~&-JO, x) c&/2}, 
then for each neighborhood V of x0 and W C U of yo, there is a PO E B 
such that 
f%(x0) E W, xB E V, for !>/30. 
On the other hand, using (2), we have 
x&3 6 v7, fwq3) I u, P>PO, 
which contradicts the even continuity of {/i : i E I> and concludes the 
proof of this theorem. 
If M is compact, then we have the following 
1.2. Corollary. Let f : M + M be a homeomorphism of a metrizabke, 
compact, topological space onto itself. Then, f is a topological isometry if 
and only if {f n : n E N} : M -+ M is evenly continuous. 
Proof. We set 
6(x, y) = sup {~Cf%@, f%(y)) : n E N} 
and proceed exactly as in the proof of Theorem 1.1. To see that f is a 
d-isomelry, we observe that clearly 
(Yf(X)> f(Y))-G@> Y). 
Equality then follows from a result of H. FREUDENTHAL and W. HURE- 
wmz (see [2]). 
A mapping f : M + M is said to be pointwise almost periodic on M 
provided for each x E M and any neighborhood U of x there is an n E N 
depending on both U and x and such that fnx E U (see [4], p. 246). Now 
we have 
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1.3. Corollary. If f : M + M is a topological isometry of a separable 
locally compact, metrixable topological space onto itself, then 
(a) Prom f”x +- y, a E A C I and x, y E M, it follows that f-“y -+ x. 
(to) If M is also compact, then f is pointwise periodic on M. 
Proof. (a) Let f “X + y and suppose f-“y tt x. Then there is a 
neighborhood U of x and a subsequence {f-By : /3 E B C A) such that 
f-by -+ 2 g u, 2 E ii*. 
Since fPx --f y and according to (1.1) {f” : i E I> : M -+ M* is evenly con- 
tinuous, then using the alternate definition of an evenly continuous family 
given in terms of nets (see [3], p. 241), we would have 
f-P(fPx)=x + 2, 
which is a contradiction. 
(b) Consider (fn(xo) : n, E N} and let yo be a point different from x0 
such that f”(xo) + yo, 01 E A C N. Since f-“(yo) + XO, then using even 
continuity of this family, for each neighborhood U of x0 there exist 
neighborhoods V of yo and W of x0 such that 
f-“(V) C U and f-“(yo) E W, for oc > 010. 
So, for cl1>010, 
and we have 
f-y V) c u, f‘yxo) E v, 
foil-yxo) E u, 
which means that the sequence {fnxo : n E N} is frequently in U. 
Let lb! be a Euclidean n-dimensional space and let xn + y mean that 
xlz converges to a y E M or I/xnj[ + +oo. Then, using the net form of the 
definition of even continuity, we obtain 
1.4. Corollary. A homeomorphism f from M onto itself is a topological 
isometry if and only if whenever X~ + x and fin(x) --+ y, it follows that 
fqxn) -+ Y. 
2. EXAMPLES 
Here we give several examples answering some questions naturally 
arising in connexion with the concept of topological isometry. 
2.1. Example. Let M = [0, l] in the relative Euclidean topology. Then 
for each d ED, either Cd is the identity, or Gd is the identity together with 
a refZexive homeomorphism f (that is, an f such that f2=f). 
Proof . Each homeomorphism f on M is either increasing or decreasing. 
Suppose f is increasing. The set of all fixed points of f is closed in M. 
If this set is all of M, then f is the identity. Otherwise, there exist two 
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fixed points x and $7, with xcZ’, and no fixed points in (x, 2). If x E (x, Z), 
then f”(z) -+ x or f%(x) -+ b, so that f is not pointwise almost periodic. 
Then, by (1.3), f is not a topological isometry. 
If f is decreasing, then fz is increasing, so fz is the identity. 
So we have only two non-isomorphic isometry groups attached to [0, 11; 
the one-element group and the cyclic group of order two. I found this 
fact to be known to several mathematicians. 
Taking two topological isometries 
f(x)=l-x,x E [O, l];g(x)= 1 1-3x, x E [O, l/4] 1/3*(1-x), x E [l/4, l] ’ 
it follows that their composition go f is not again a topological isometry. 
2.2. Example. A pointwise almost periodic homeomorphism need not 
be a topological isometry. 
Take A! to be the unit disk {x: Ix] Q l> in the complex plane. Let f 
be defined by 
f(X)=2e3W-1/2) 
Then f is a homeomorphism onto, all restrictions off on the circles jz] =a, 
Oda< 1 are isometries, so f is pointwise almost periodic. Take xc= l/2 
and zk = l/2 + l/k. Then, using the neighborhood U= {z : --E< arg z <e} 
of x0 and nk such that f”*(zk) $ u, we have 
xfi -+ 20, fn@$i) = 750 -+ 20 and f”+k) tt 20, 
which means that (f” : n E N} is not evenly continuous, and so f is not 
a topological isometry. 
2.3. Example. There are spaces admitting no topological isometrics 
except the identity. 
Take a propeller space with a sequence of propellers removed from a 
disk in the plane (see [l]) and attach one of the ends of a line segment 
to the boundary of the disk. Then each homeomorphism is the identity 
on the propeller space and each topological isometry is the identity on 
the line segment. 
2.4. Example. It may happen that f is a dl-isometry, g a &-isometry, 
and f o g a do-isometry while f and g are not do-isometries. 
Let M= (1, 2, 3, 4> be discrete. Take 
/k/t/k 
(M, c&2)= (12, 13, 14, ii, ii, 3+j 
g(l)=% gP)=4, gW=L 9(4)=2; 
AA,% 
(M, &)={12, 13, 14, ii, 4 351, 
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with the indices standing above each pair denoting the distance between 
points in the pair. 
Institut Math&natipue, Belgrade, and 
University of I”lorida, Gainesville 
REFERENCES 
1. GROOT, J. DE and R. J. WILLE, Rigid Continua and Topological Group-Pictures. 
Archiv der Mathematik IX, 441-446 (1958). 
2. FREUDENTHAL, H. and W. HURE~ICZ, Dehnungen, Verkiirzungen, Isometrien. 
Fund. Math. 26, 120-122 (1936). 
3. KELLEY, J. L., General Topology. Van Nostrand, New York (1955). 
4. WHYBURN, G. T., Analytic Topology. Colloquium Publ. XXVIII, (1942). 
